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Abstract
Divergent part of the one-loop effective action for the Yang-Mills theory in
a special gauge containing forth degrees of ghost fields and allowing addition
of BRST-invariant mass term is calculated by the generalized t’Hooft-Veltman
technique. The result is BRST-invariant and defines running mass, coupling
constant and parameter of the gauge.
1 Introduction.
It is well known, that adding of the mass term to the action of the Yang-Mills
theory breaks the gauge invariance. That is why the massive gauge fields are usually
introduced by the spontaneous symmetry breaking mechanism [1]. Nevertheless, there
is an alternative approach. It is based on the fact, that the quantization of Yang-Mills
theory requires to fix the gauge invariance and add to the action ghost Lagrangian [2].
The total Lagrangian is then invariant under BRST transformations, which remain
from the original gauge transformations. In principle, it is possible to construct mass
term invariant only under these residual transformations. For a general gauge this
problem is not solved. However, there is a special gauge, containing forth degree
of ghost fields (in principle, such gauges are used sometimes in the quantum field
theory, see e.f. [3]), allowing existence of the BRST-invariant mass term [4, 5, 6].
The corresponding model is not unitary [5, 7, 8], but was proven to be multiplicably
renormalizable [4, 8, 9, 10].
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It is interesting to investigate quantum properties of such theory and, in particular,
to check BRST invariance of the effective action. In principle, the one-loop [11] and
two-loop corrections [12] were already found by the diagram technique. However, the
calculations are rather involved and it is desirable to check them by another method of
calculation. One of the suitable calculational tools is t’Hooft-Veltman technique [13],
which was originally proposed for a limited class of theories and afterwards generalized
for the general case in [14]. In the frames of t’Hooft-Veltman method the divergent part
of the one-loop effective action can be calculated by some purely algebraic operations.
In this paper such calculation is made for the Yang-Mills theory with the BRST-
invariant mass term.
The paper is organized as follows: Some information about Yang-Mills theory with
BRST-invariant mass term is reminded in Section 2. The generalized t’Hooft-Veltman
technique and the calculation process is briefly described in Section 3. Renormalization
of the model is discussed in Section 4. In this section we also check, that the diver-
gent part of the one-loop effective action is invariant under BRST transformations.
The obtained results are briefly discussed in Conclusion and some technical details of
calculations are presented in the Appendix.
2 Yang-Mills theory with BRST-invariant mass
term.
If the gauge invariance in the Yang-Mills theory is fixed by adding of the following
terms [6]
Sgf + Sgh =
1
e2
tr
∫
d4x
(
αB2 − 2∂µBA
µ − iαB{c c¯} − 2i∂µc¯D
µc+ αc2c¯2
)
, (1)
then it is possible to add a mass term, invariant under BRST transformations up to a
total derivative. The action of the obtained theory is written as
S =
1
e2
tr
∫
d4x
(1
2
F 2µν + αB
2 − 2∂µBA
µ − iαB{c c¯} −
−2i∂µc¯D
µc+ αc2c¯2 −m2(A2µ − 2iαcc¯)
)
. (2)
and is invariant under the following BRST transformations:
δbAµ(x) = εbDµc(x);
δbc(x) = −εbc(x)
2;
δbc¯(x) = iεbB(x);
δbB(x) = 0. (3)
2
There is also an invariance under anti-BRST transformations
δaAµ(x) = εaDµc¯(x);
δac(x) = −εa(iB(x) + {c(x), c¯(x)});
δac¯(x) = −εac¯(x)
2;
δaB(x) = 0. (4)
3 Calculation of the divergent part of the one-loop
effective action.
For calculation of divergent part of the effective action it is possible to use different
methods, for example, diagram technique or t’Hooft-Veltman method [13, 14]. In this
paper we will use the second method. Let us remind its main ideas:
It is well known [1], that for a theory described by a classical action S(ϕi) the
one-loop effective action can be written as
Γ(1) =
i
2
Str ln Di
j (5)
where
Di
j =
δ2S
δϕiδϕj
(6)
is an operator of second variation of the classical action. In the most general case this
operator can be written as
Di
j = Kµ1µ2...µL i
j ∇µ1∇µ2 . . .∇µL + S
µ1µ2...µL−1
i
j ∇µ1∇µ2 . . .∇µL−1
+ W µ1µ2...µL−2 i
j ∇µ1∇µ2 . . .∇µL−2 + N
µ1µ2...µL−3
i
j ∇µ1∇µ2 . . .∇µL−3
+ Mµ1µ2...µL−4 i
j ∇µ1∇µ2 . . .∇µL−4 + . . . , (7)
where all tensors are considered to be symmetrical with respect to permutations of
Lorentz indexes and ∇µ denotes a covariant derivative
∇αT
β
i
j = ∂αT
β
i
j + ΓβαγT
γ
i
j + ωαi
kT βk
j − T βi
kωαk
j;
∇µΦi = ∂µΦi + ωµi
jΦj , (8)
Γαµν is a Cristofel symbol
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Γαµν =
1
2
gαβ(∂µgνβ + ∂νgµβ − ∂βgµν) (9)
and ωµi
j is a connection in the principle bundle.
The divergent part of one-loop effective action (5) for operator (7) was found ex-
plicitly in [14]. In the particular case, when operator (7) has second order in derivatives
(L = 2), and the space-time is flat, the result is written as
Γ(1)
∞
= −
1
16pi2
ln
M
µ
Str
∫
d4x
〈1
2
Wˆ 2 − Wˆ Sˆ2 − 2∂µSˆ Wˆ Kˆ
µ +
+
1
4
Sˆ4 +
1
3
(
∂µSˆ
µSˆ2 − 2∂µSˆ Kˆ
µSˆ2 − ∂µSˆ Sˆ Sˆ
µ + 2∂µSˆ Sˆ
2Kˆµ
)
+
+∂µSˆ ∂νSˆ
νKˆµ −
1
2
∂µSˆ ∂ν Sˆ
(
−Kˆµν + 2KˆµKˆν + 2KˆνKˆµ
) 〉
, (10)
where the notations can be explained by the following equations:
Sˆi
j ≡ (Kn)−1i
k(Sn)k
j ; Kˆµi
j ≡ (Kn)−1i
k(Kn)µk
j ;
(Sn)i
j ≡ Sµ1µ2...µL−1 i
jnµ1nµ2 . . . nµL−1 ; (Kn)
µ
i
j ≡ Kµµ2...µL i
jnµ2 . . . nµL ;
(Kn)i
k(Kn)−1k
j = δji . (11)
Here nµ is a unit vector and the angle brackets denotes the following operation:
〈nµ1nµ2 . . . nµ2m〉 ≡
1
2m(m+ 1)!
×
(
gµ1µ2 gµ3µ4 . . . gµ2m−1µ2m + permutations (µ1 . . . µ2m)
)
. (12)
Second variation of action (2), which defines matrixes K, S and W , is presented in
the Appendix. The matrixes constructed ¿from it were substituted to equation (10),
which gives the divergent part of the one-loop effective action. After this operation we
obtained the following result:
Γ(1)
∞
=
c2
8pi2
ln
M
µ
tr
∫
d4x
(
1
2
(
−
α
2
−
13
6
)(
∂µA
R
ν − ∂νA
R
µ
)2
+
(
−
3α
4
−
17
12
)
×
×
(
∂µA
R
ν − ∂νA
R
µ
)(
ARµA
R
ν −A
R
ν A
R
µ
)
+
1
2
(
− α−
2
3
)(
ARµA
R
ν − A
R
ν A
R
µ
)2
−
−
α2
4
(BR)2 +
α
2
∂µB
RARµ + i
α2
2
BR{cR c¯R}+
α− 3
4
m2(ARµ )
2 − i
α2
2
m2cR c¯R −
−
3
4
α2(cR)2(c¯R)2 + i
α + 3
2
∂µc¯
R ∂µc
R + iα ∂µc¯
R [ARµ , c
R]
)
(13)
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4 One-loop renormalization ans BRST-invariance
of the effective action.
After adding counterterms, corresponding to equation (13) to the classical action
(2), the renormalized action can be written as
Sren = S +∆S =
1
e20
tr
∫
d4x
(1
2
F 2µν + α0B
2 − 2∂µBA
µ −
−iα0B{c c¯} − 2i∂µc¯D
µc+ α0c
2c¯2 −m20(A
2
µ − 2iα0cc¯)
)
(14)
where
1
e2
=
1
e20
−
1
8pi2
c2
11
3
ln
M
µ
+O(e20);
m = m0 +
e20
8pi2
c2 ln
M
µ
m0
(α0
8
+
35
24
)
+O(e40);
α = α0 −
e20
8pi2
c2 ln
M
µ
(α20
4
+
13α0
6
)
+O(e40), (15)
and the renormalized fields are defined by the equations
ARµ =
[
1−
e20
8pi2
c2 ln
M
µ
(α0 − 3)
4
+O(e40)
]
Aµ;
c¯R · cR =
[
1−
e20
8pi2
c2 ln
M
µ
(
α0
4
−
35
12
)
+O(e40)
]
c¯ · c;
BR =
[
1 +
e20
8pi2
c2
35
12
ln
M
µ
+O(e40)
]
B. (16)
Because renormalized action (14) has exactly the same structure as original action (2),
it is invariant under BRST transformations (3) and anti-BRST transformations (4).
5 Conclusion.
In this paper we found the divergent part of the one-loop effective action for the
Yang-Mills theory with BRST-invariant mass term. To perform this calculation we used
a method, which was originally proposed by t’Hooft and Veltman [13] and afterwards
generalized in [14] for more complicated cases. The considered theory turns out to
be renormalizable and BRST-invariant at the quantum level. The results obtained
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for running mass and parameter of the gauge coincide with the corresponding results,
found in [11, 12] by the diagram technique up to notations. Therefore, the calculation
confirms correction of results of [11, 12] and also correctness of rather complicated
algorithms, constructed in [14].
A Appendix.
Second variation of action (2) up to a multiplicative constant can be written as
Di
j =


dAA dAc dAc¯
dcA dcc dcc¯
dc¯A dc¯c dc¯c¯

 (17)
where
dAA =
(
D2α +m
2
)
ηµν −DνDµ −
1
α
∂µ∂ν + Fµν ;
dAc =
i
2
c¯ ∂µ −
i
2
(∂µc¯);
dAc¯ = −
i
2
c ∂µ +
i
2
(∂µc);
dcA = −
i
2
c¯ ∂ν − i(∂ν c¯);
dcc =
α
4
c¯2;
dcc¯ = iDα∂
α −
iα
2
B− iαm2 −
α
4
c¯c−
α
2
cc¯;
dc¯A =
i
2
c ∂ν + i(∂νc);
dc¯c = −i∂αD
α −
iα
2
B+ iαm2 −
α
4
cc¯−
α
2
c¯c;
dc¯c¯ =
α
4
c2. (18)
Here we used the following notations:
B ≡ −ieBaT a, (T a)bc = −ifabc, etc. (19)
Coefficients at the second derivatives in equation (18) form the matrix K, coeffi-
cients at the first derivatives form the matrix S and terms without derivatives form
the matrix W .
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